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Abstract
The dressing procedure is used to obtain explicit expressions for homoclinic connections of unstable plane waves of the
Manakov system of coupled nonlinear Schro¨dinger equations.
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1. Introduction
The Manakov system is an integrable system of coupled nonlinear Schro¨dinger (CNLS) equations which models
the propagation of the averaged fields of a polarized wave in a randomly birefringent optical fiber. Because of the
polarized nature of light, cylindrical fibers having near-axisymmetric cross-section can support two orthogonal co-
propagating modes which are coupled through the fiber asymmetry. When the fiber is randomly birefringent, i.e., the
refractive indices are slightly different for the two polarizations and this variation is random along the length of the
fiber, the averaged fields p and q propagate according to an integrable system of coupled NLS equations, known as
the Manakov system [1,2],
i pt + px x + 12 (σ1|p|
2 + σ2|q|2) p = 0,
i qt + qx x + 12 (σ1|p|
2 + σ2|q|2) q = 0.
(1.1)
The sign of the nonlinearity distinguishes between two types of fiber regimes: σ = +1 corresponds to focusing
behavior and anomalous dispersion fibers, while σ = −1 corresponds to defocusing behavior and normal dispersion
fibers.
Rothenberg [3] demonstrated experimentally that two polarized light pulses with regions of approximately plane
wave evolution could seed exponential instabilities in each other via the cross-coupling of the fields; Roske [4]
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demonstrated the existence of the modulational instabilities theoretically. The qualitative nature of the unstable
manifolds of linearly unstable plane wave solutions has been examined in detail in [5,6].
The existence of simple, linearly unstable, waveforms in optical pulse propagation equations is of practical interest
from two different points of view: (i) stable pulse propagation requires suppression of instabilities and (ii) superfast
pulses can be generated by seeding instabilities and controlling the resulting waveforms. Linearly unstable plane
waves of the CNLS system are connected by complicated waveforms that asymptote exponentially to the plane
waves (modulo a phase shift) in backward and forward time, i.e., homoclinic connections; these waveforms can be
constructed explicitly in terms of elementary functions, which is particularly useful for understanding the transfer of
energy between the polarized modes during propagation down the fiber.
Earlier constructions of homoclinic connections for the Manakov system [7,8] do not generalize easily to other
integrable equations for which the symmetries of the associated linear spectral problem (known as a Lax pair) are
different. The dressing procedure [9], however, is more easily generalized to other integrable PDE’s with more
complicated spectral problems, e.g., Benney’s long-wave–short-wave resonance equations [10,11], which appear in
fluid mechanics as well as plasma physics.
Moreover, the explicit formula obtained in this paper is necessary for the study of chaotic behavior associated
with persistent homoclinic orbits in perturbed Manakov systems. A formula for homoclinic orbits in the special case
σ1 = σ2 = 1, which agrees with the more general derivation given here, appears in [12].
2. Periodic spectral theory
The integrable coupled NLS equations that appear in Eq. (1.1) are equivalent to the compatibility, i.e., the existence
of solutions such that ψxt = ψt x , of the following Lax pair of third-order linear eigenvalue problems in which the
solutions (p, q) of the CNLS equations appear as potentials:
ψx = U ψ = (ζA0 + A1) ψ, ψt = V ψ = (ζ 2A0 + ζA1 + A2) ψ, (2.1)
where ζ is the spectral parameter, A0 = diag(− 2i3 , i3 , i3 ),
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and the parameters σ1 = ±1 and σ2 = ±1 distinguish between the focusing and defocusing couplings. The operators
U and V possess an important symmetry under the operation of complex-conjugate transpose (denoted by Ď), namely,
ifΣ = diag(1, σ1, σ2), then
U(ζ ∗)Ď = −ΣU(ζ )Σ , V(ζ ∗)Ď = −ΣV(ζ )Σ . (2.3)
Using the Galilean invariance of the CNLS equations, the plane wave solutions of Eq. (1.1) can be written, without
loss of generality, as
p = aei(kx−ωt+δ1), q = bei(−kx−ωt+δ2), (2.4)
where a, b, δ1, δ2 ∈ R. The dispersion relation is ω = k2 − 12 (σ1a2 + σ2b2). The spatial Lax operator simplifies to
ψx =

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
 ψ. (2.5)
There is a similar simplification of the temporal Lax operator. The eigenfunctions of the periodic spectral problem
(2.5) are key to the construction of the homoclinic connections via the dressing procedure.
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The simple form of the Lax pair for plane wave potentials (2.5) allows the construction of eigenfunctions with
exponential-type normalization, i.e., the Bloch eigenfunctions, from the three roots m = m1, m2, m3, of an auxiliary
equation(
m + 2
3
ζ
)((
m − 1
3
ζ
)2
− k2
)
− 1
4
σ1a
2
(
m − 1
3
ζ + k
)
− 1
4
σ2b2
(
m − 1
3
ζ − k
)
= 0. (2.6)
The Bloch eigenfunction matrix has the formB = P1P2CF, with P1 = diag(1, e−ikx , eikx ), P2 = diag(1, eiωt , eiωt ),
F = diag(ei(m1x +1 t), ei(m2x +2 t), ei(m3x +3 t)), C a constant coefficient matrix given by
C =


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σ2 b e−iδ2 (im2 − 13 iζ − ik)
σ1 a e−iδ1 (im2 − 13 iζ + ik)
1


, (2.7)
and, for j = 1, 2, 3,
 j = m jζ + 14 (σ1a
2 + σ2b2) − σ1ka
2
4(m j − 13ζ − k)
+ σ2kb
2
4(m j − 13ζ + k)
. (2.8)
The three m roots are generically distinct and can be distinguished by their asymptotic behavior as ζ → ∞,
m1 = −23ζ −
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2 + σ2b2)ζ−1 + 14 k(σ1a
2 − σ2b2)ζ−2 + · · · ,
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4
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(
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32k
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2
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2
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ζ−2 + · · · .
(2.9)
Fixing a spatial period L for the plane wave, the wavenumber of the plane wave is k = 2πL n, n ∈ Z, and the
Floquet multipliers of the eigenfunctions across one period are eim1 L , eim2 L, eim3 L ; hence im1, im2, im3 are the Floquet
exponents of the spatial Lax operator.
The Bloch eigenfunction matrix can be renormalized to remove the leading exponential terms, namely, ˆB =
Be−ζA0 x−ζ
2A0 t ; now ˆB satisfies a modified Lax pair,
ˆBx = UˆB − ζ ˆBA0, ˆBt = VˆB − ζ 2ˆBA0, (2.10)
and ˆB has the asymptotic expansion ˆB = ψˆ0 + ψˆ1ζ−1 + O(ζ−2) in inverse powers of the spectral parameter ζ .
There is an important relation between the solution of the CNLS system appearing in the matrix A1 and the asymptotic
expansion of ˆB, namely,
A1 = (ψˆ1A0 − A0ψˆ1)ψˆ−10 + ψˆ0 x ψˆ−10 . (2.11)
Thus the solution of the CNLS system is determined by the first two terms in the asymptotic expansion of the
renormalized Bloch eigenfunction.
3. The dressing procedure
A Ba¨cklund transformation is a transformation from one solution of a differential equation to another solution of
a (possibly different) equation. In our case, we are interested in generating new solutions of the same differential
equation (the CNLS system), i.e., an auto-Ba¨cklund transformation is needed. Because the solution of the CNLS
system is also a potential in a linear spectral problem, a Ba¨cklund transformation can be constructed as part of a
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Darboux transformation, i.e., a transformation which generates new eigenfunctions of the linear spectral problem
corresponding to new potentials; in this context, the new potentials are new solutions of the CNLS system.
To produce a Ba¨cklund–Darboux transformation for the CNLS system, the eigenfunctions of the modified Lax pair
(2.10) are dressed by a factor which introduces a pole and a zero into the eigenfunction matrix ˆB at double points in
the spectrum of the original Lax operator, care being taken to also satisfy the periodic boundary conditions [7,9].
Denoting the (renormalized) Bloch eigenfunctions for the seed plane wave by ˆBs, the dressed Bloch eigenfunction
is defined by ˆBd = DˆBs, where
D = I − ζ1 − ζ
∗
1
ζ − ζ ∗1
X, (3.1)
so as to place a new pole at ζ ∗1 , with X a matrix to be determined.
Once X is determined, the terms in the asymptotic expansion of the dressed Bloch eigenfunctions can be found,
hence producing a new solution via Eq. (2.11). In particular, ψˆd0 = ψˆs0 = I and ψˆd1 = ψˆs1 − (ζ1 − ζ ∗1 )X. So
Eq. (2.11) gives the required Ba¨cklund transformation from the individual elements of the following matrix equation:
Ad1 = (ψˆs1A0 − A0ψˆs1) + (ζ ∗1 − ζ1)(XA0 − A0X). (3.2)
In order to fully specify the matrix X, the new zero in the dressed eigenfunctions is placed at ζ1, so that
D−1 = I + ζ1 − ζ
∗
1
ζ − ζ1 X, (3.3)
where X must satisfy X = X2, i.e., the matrix X is a projection matrix. Thus X can be written generically in terms of
the column vectors |x〉, |y〉, as X = |y〉〈x |〈y|x〉 , where 〈x | = |x〉Ď is the conjugate transpose of |x〉.
To determine the explicit expression for the projection matrix X, note that the dressed Bloch eigenfunctions ˆBd
must satisfy the modified Lax pair; this implies
Ud(ζ ) = D(−∂x + Us(ζ ))D−1, Vd(ζ ) = D(−∂t + Vs(ζ ))D−1, (3.4)
where Us, Vs are the Lax matrices for the seed plane wave potential (ps, qs) and Ud, Vd are the Lax matrices for the
dressed potentials, i.e., the new “dressed” solution (pd, qd) of the CNLS system. Evidently the left-hand side of these
equations is regular, so the residues at the simple poles ζ1, ζ ∗1 , on the right-hand side must vanish. The necessary and
sufficient condition for the residues to vanish is
(I − X)(−∂x + Us(ζ1))X = 0, (I − X)(−∂t + Vs(ζ1))X = 0,
X(−∂x + Us(ζ ∗1 ))(I − X) = 0, X(−∂t + Vs(ζ ∗1 ))(I − X) = 0.
(3.5)
Sufficient conditions for the above four equations to be satisfied are that
−|y〉x + Us(ζ1)|y〉 = 0, −|y〉t + Vs(ζ1)|y〉 = 0,
〈x |x + 〈x |Us(ζ ∗1 ) = 0, 〈x |t + 〈x |Vs(ζ ∗1 ) = 0.
(3.6)
The symmetry of the Lax pair (2.3) allows |x〉 to be written in terms of |y〉, namely, |x〉 = Σ |y〉; so X can be written
as
X = |y〉〈y|Σ〈y|Σ |y〉 . (3.7)
4. The Ba¨cklund transformation
Construction of the explicit formula for a homoclinic orbit requires the correct spectral parameter ζ1: (i) for non-
zero growth rates, ζ1 must be non-real and (ii) for periodic solutions, ζ1 must be the projection of a double point on
the Floquet multiplier curve corresponding to an unstable Fourier mode with wavenumber ∆ = 2πL n, n ∈ Z \ {0},
where L is the period of the original plane wave. Thus two roots of the cubic Floquet exponent equation (2.6),
m3 + P(ζ )m + Q(ζ ) = 0, must differ by∆, namely, ζ1 must be a root of the equation
∆6 + 6P(ζ )∆4 + 9P(ζ )2∆2 + 4P(ζ )3 + 27Q(ζ )2 = 0, (4.1)
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where the polynomials P(ζ ) and Q(ζ ) are
P(ζ ) = −1
3
ζ 2 − k2 − 1
4
(σ1a
2 + σ2b2),
Q(ζ ) = 2
3
ζ
(
−1
3
ζ − k
)(
−1
3
ζ + k
)
− 1
4
σ1a
2
(
k − 1
3
ζ
)
− 1
4
σ2b2
(
−k − 1
3
ζ
)
.
(4.2)
Denoting the two roots of the Floquet exponent equation which differ by ∆ by m3 and m2, so that m3 − m2 = ∆,
and using only those components of |y〉 that correspond to m3 and m2, the Ba¨cklund transformation for the dressed
solution given by Eq. (3.2) is
pd = ps + 2i(ζ
∗
1 − ζ1)σ1u∗
1 + σ1|u|2 + σ2|v|2 , qd = qs +
2i(ζ ∗1 − ζ1)σ2v∗
1 + σ1|u|2 + σ2|v|2 , (4.3)
where
u = Γ (t)u2 + e
i∆x u3
Γ (t) + ei∆x e
i(−kx+ωt), v = Γ (t)v2 + e
i∆xv3
Γ (t) + ei∆x e
i(kx+ωt), (4.4)
Γ (t) = γ exp
[{
1
2
aeiδ1(ζ1 − k)(u2 − u3) + 12be
iδ2(ζ1 + k)(v2 − v3)
}
t
]
, (4.5)
in which the arbitrary complex constant γ parametrizes the two-real-dimensional unstable manifold. The remaining
variables are defined by
u2 =
1
2 iσ1a e
−iδ1
m2 − 13ζ1 − k
, u3 =
1
2 iσ1a e
−iδ1
m3 − 13ζ1 − k
, v2 =
1
2 iσ2b e
−iδ2
m2 − 13ζ1 + k
, v3 =
1
2 iσ2b e
−iδ2
m3 − 13ζ1 + k
. (4.6)
In order to make the calculation as explicit as possible, consider the spatially independent case of the seed plane
wave, namely, k = 0, so that
ps = ae−iωt+iδ1, qs = be−iωt+iδ2 . (4.7)
In this case ω = − 12 (σ1a2 + σ2b2), P(ζ1) = − 13ζ 21 + 12ω, Q(ζ1) = 227ζ 31 − 16ωζ1.
The two roots m2 and m3 differ by ∆ at a non-real ζ1 precisely when
ζ 21 = ∆2 − (σ1a2 + σ2b2). (4.8)
Since ζ1 is non-real, set ζ1 = iλ with λ ∈ R and λ2 = σ1a2 + σ2b2 −∆2 > 0. Thus the total number N of unstable
Fourier modes of the linearized system is bounded by the inequality: σ1a2 +σ2b2 > ∆2 = ( 2πL N)2. Alternatively, the
range of amplitudes for which there is exactly one unstable wavenumber is given by ( 2πL )
2 < σ1a2 + σ2b2 < 4( 2πL )2.
Hence, P(ζ1) = − 16ω − 13∆2, Q(ζ1) = 154 (−ω + 4∆2)iλ, and m1 = 13 iλ, m2 = − 16 iλ + 12∆, m3 = − 16 iλ − 12∆.
Also Γ (t) = eα+iβeλ∆t , where α, β ∈ R are arbitrary constants, and
u2 = −iσ1ae
−iδ1
iλ +∆ , u3 =
−iσ1ae−iδ1
iλ −∆ , v2 =
−iσ2be−iδ2
iλ +∆ , v3 =
−iσ2be−iδ2
iλ −∆ . (4.9)
Upon substitution into the Ba¨cklund transformation (4.3), it is convenient to define the following:
τ = 1
2
λ∆t + 1
2
α, χ = 1
2
∆x − 1
2
β,
sin θ0 = λ√
σ1a2 + σ2b2
, cos θ0 = ∆√
σ1a2 + σ2b2
.
(4.10)
Note that σ1a2 + σ2b2 = λ2 +∆2, so that θ0 = arctan( λ∆ ) ∈ (0, π2 ).
The final form of the homoclinic orbit in terms of elementary functions is
pd = psh(x, t), qd = qsh(x, t), (4.11)
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where
h(x, t) = cos(2θ0) − sin θ0 sech(2τ ) cos(2χ + θ0 −
π
2 ) + i tanh(2τ ) sin(2θ0)
1 + sin θ0 sech(2τ ) cos(2χ + θ0 − π2 )
. (4.12)
Thus the orbit is homoclinic, modulo a phase shift, to the base plane wave, because
lim
t→±∞ h(x, t) = e
±2iθ0 . (4.13)
5. Conclusion
The explicit expression for the homoclinic orbit obtained in the previous section is very similar to the vectorized
version of the homoclinic orbit for the scalar focusing NLS (when k = 0 the two fields are not distinguished by
different wavenumbers) and agrees with the expression used in [12] for the case σ1 = σ2 = 1. However, the formula
in Eq. (4.12) also includes the case of a mixed focusing:defocusing coupling σ1 = 1, σ2 = −1, in which the coupling
instability generates a homoclinic connection in both the focusing field and the defocusing field. In an optical fiber
with dispersion properties near the zero-dispersion point, it may be possible to realize this mixed dispersion case in
applications.
The dressing procedure can be iterated to realize any number and any combination of instabilities present in the
polarized modes of a CNLS system. In principle, the dressing procedure can be used to generate solutions homoclinic
to unstable plane wave solutions (if they exist) for any PDE integrable via a linear spectral problem. However, the
structure of the spectral operators may require non-trivial constraints and symmetries to be satisfied, as in the case
of Benney’s long-wave–short-wave resonance equations [11]. The coupled Maxwell–Bloch equations, governing the
propagation of ultrafast laser pulses in a lossless resonant medium of three-level atoms, are integrable via the same
spatial Lax operator as the Manakov system but have a different temporal Lax operator [13] and different constraints
on linearly unstable plane waves (the author acknowledges a referee for pointing out this interesting example); it
is expected that results similar to those obtained in this paper can also be derived for the coupled Maxwell–Bloch
equations.
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